In three dimensional Maxwell-Chern-Simons massless scalar electrodynamics with φ 6 coupling, the U (1) symmetry is spontaneously broken at two loop order regardless of the presence or absence of the Maxwell term. Dimensional transmutation takes place in pure Chern-Simons scalar electrodynamics. The beta function for the φ 6 coupling is independent of gauge couplings. 
We evaluate the effective potential of massless scalar fields in three-dimensional U (1) gauge theory to the two loop order to examine whether or not the U(1) symmetry is spontaneously broken by radiative corrections. We shall obtain analytic expressions for the effective potential and demonstrate that the U(1) symmetry is spontaneously broken when the Chern-Simons term is present for gauge fields.
Three-dimensional gauge field theories are relevant to physics in many respects. Nonrelativistic Maxwell-Chern-Simons theory is a useful tool to describe condensed matter systems such as the quantum Hall effect [1] and superconductivity. [2] It provides field theory description of fractional statistics or anyons. [3] Three-dimensional gauge theories also serve as effective theories of four dimensional theories at high temperatures. [4, 5] Although power-like infrared divergences could make perturbation theory at high temperature in four dimensions unreliable, perturbation theory becomes safe at small momenta or fields once a theory is dimensionally reduced to 2+1 dimensions. Maxwell-Chern-Simons theory appears as an effective theory of QCD and the standard model of electroweak interactions.
Further Maxwell-Chern-Simons theory provides a unique testing ground for new theoretical ideas. A photon acquires a topological mass. [6, 7] There appear vortex soliton solutions with both magnetic flux and charge. Multi-soliton solutions are also available. [8] Supersymmetric generalization exists. In a theory with Dirac fermions a magnetic field can be dynamically generated so that the Lorentz invariance is spontaneously broken. [9] Pure non-Abelian Chern-Simons theory defines a topological field theory. It plays an important role in the knot theory. [10] In this paper we concentrate on another aspect of Maxwell-Chern-Simons theory, namely the spontaneous breaking of the U(1) gauge symmetry by radiative corrections. [11, 12, 13] In a theory with massless charged scalar fields, radiative corrections control whether or not the scalar fields develop a non-vanishing expectation value. The limiting case is of special interest, in which the Maxwell term is absent for gauge fields and the scalar fields self-interact only through φ 6 coupling. As the theory contains no dimensional parameter, the question is now phrased as whether or not dimensional transmutation takes place in three dimensional gauge theory.
In the literature the effective potential has been evaluated at one loop, with sometimes conflicting conclusions. We shall see below that one has to go beyond one loop, i.e. that two loop corrections are decisive to determine the symmetry of the vacuum. We evaluate the effective potential when gauge fields have both Maxwell and Chern-Simons terms. We
show that the limit of the vanishing Maxwell term is well defined after renormalization.
A few comments are in order. A Chern-Simons term is induced by Dirac fermions at one loop. [14] In non-Abelian theory the Chern-Simons coefficient is quantized. [6] NonAbelian gauge fields themselves induce a Chern-Simons term at one loop. [15] Pure nonAbelian Chern-Simons theory is ultraviolet finite. [16] It has also been argued that a ChernSimons term is induced by scalar fields with spontaneous symmetry breaking. [17] Secondly it is safe and necessary to start with both Maxwell and Chern-Simons terms in order to perform computations beyond one loop. The presence or absence of the Maxwell term drastically changes the ultra-violet behavior of the gauge field propagator. The bare Maxwell term is necessary to absorb divergences beyond one loop. The vanishing renormalized coefficient of the Maxwell term should be defined as a limit.
Long time ago Coleman and Weinberg showed that in four-dimensional massless scalar electrodynamics, spontaneous symmetry breaking is induced by radiative corrections. [11] They calculated one loop corrections to the effective potential and showed that the scalar field develops a nonvanishing vacuum expectation value. In our case two loop computation is necessary to see it.
The most general, renormalizable Lagrangian density containing a complex scalar field (= φ 1 + iφ 2 ) and an Abelian gauge field is
where the gauge fixing term (in R ξ gauge) along with the Faddeev-Popov ghost term are
One of the coupling constants a, κ, e, is redundant, as it can be absorbed in the redefinition
κ/e 2 and e ′ = 1. The Coleman-Weinberg limit is defined by the vanishing of renormalized a, m 2 , and λ.
We choose the vacuum expectation values to be φ 1 = v and φ 2 = 0. After shifting the field φ 1 → v + φ 1 , the quadratic part is
where
Throughout the paper we employ the dimensional regularization method. Evaluation of radiative corrections beyond one loop is simplified in the dimensional regularization.
However, in the theory at hand we need to define the antisymmetric tensor ε µνρ in n dimensions. There is no natural definition which preserves the Lorentz invariance. We adopt the definition given by [18] 
Similarly we define three-dimensional metricĝ µν :
This definition of ε µνρ has been commonly employed in the investigation of higher order corrections in pure non-Abelian Chern-Simons theory. [16] Of course one needs to ensure that this definition would not spoil the gauge invariance. Although full investigation is reserved in future publication, we have confirmed that the dimensional regularization, cutoff method, zeta function regularization, all give the the same result at one loop. It also has been shown in [19] that in pure non-Abelian Chern-Simons theory Slavnov-Tayler identities are satisfied up to three loop order with this definition of ε µνρ in the dimensional regularization scheme.
The gauge propagator can be found easily. In the Landau gauge (ξ = 0)
The propagator is rearranged in the form
Here
There are two propagating modes with masses m + and m − which are combinations of Higgs and Chern-Simons masses. The massless pole represents a gauge degree of freedom, whereas m 3 is the mass of photon in extra-dimensional space.
Before proceeding to two loop calculations of the effective potential for MaxwellChern-Simons theory, it is instructive to look at the pure scalar part of the theory first.
One loop calculations yield the following result;
where m j (v)'s are given in (4) with ξ = 0.
A typical two-loop integral in the Euclidean space is [5] 
In the pure scalar theory
Two loop contributions are given by
The total effective potential is
The existence of symmetry breaking depends on renormalized m 2 , λ, and ν. Several authors have considered cases where the renormalized m 2 , λ > 0 but ν = 0, and found that there is symmetry breaking at one loop [13] in contrast to the (3+1) dimensional pure scalar theory where there is no symmetry breaking [11] .
Let us focus on a special case m 2 = λ = 0. We impose the following renormalization conditions at n = 3:
The total effective potential to O(h 2 ) takes the form
One need not know exact values of A, B, and C as they are absorbed in the definition of renormalized coupling constants. 1-loop corrections are absent after renormalization.
2-loop contributions to D are important.
The pole terms in V
eff have been cancelled by a counter term:
The final expression for the effective potential is
The model is infrared free, the beta function being given by
The logarithmic correction in (17) turns the tree-level minimum at v = 0 into a maximum. However, it is premature to conclude that symmetry is spontaneously broken, as the new minimum of the potential is located outside the validity region of perturbation theory: ν ln v 2 min /M ∼ −60π 2 /7. Higher order corrections would drastically change the location of the minimum. This also happens in four-dimensional pure scalar theory as was pointed out by Coleman and Weinberg.
[11] Our conclusion is not in contradiction with the results of other works [13] because of different renormalization conditions. Now, let's turn to the case where the Maxwell-Chern-Simons gauge fields are present, and adopt the full Lagrangian (1). One loop corrections are easy to find. Since
one loop correction to the effective potential (at n = 3) is
which, in the Landau gauge ξ = 0, becomes
After renormalization the one-loop effective potential is 
The minimum is located at v = 0. Again, the symmetry breaking seems to have resulted from the renormalization condition imposed.
In either case, κ = 0 or κ = 0, one needs to go beyond one loop. We shall see below that two loop corrections are decisive in determining the symmetry of the vacuum.
Nevertheless it is worthwhile to recognize that the a → 0 limit exists at one loop level. In this limit, with the renormalization condition (14),
In other words, in the pure Chern-Simons theory all one loop corrections are absorbed in the renormalization conditions. Now we evaluate two loop corrections to the effective potential. Computations are similar to the one described above for the pure scalar theory. With the use of the decomposition of the gauge field propagator (8), gauge field contributions to diagrams of θ shape are reduced to the I(m 1 , m 2 , m 3 ) function defined in (11) . Contributions coming from the last term in (8) vanish in the n → 3 limit at the two loop level.
There are five types of diagrams.
(1) Two scalar loops (2) One scalar and one gauge loop
(3) θ-shape diagram with pure scalar fields 43 52
(4) θ-shape diagram with two scalar and one gauge propagators
(5) θ-shape diagram with two gauge and one scalar propagators
Notice that there appear logarithmic corrections at the two loop level, which give dominant contributions at small and large v.
Exact renormalization of the effective potential is straightforward but tedious. The main interest of the present paper is to know whether or not the symmetry is spontaneously broken in the massless scalar electrodynamics. It is therefore sufficient to look at the effective potential at small and large v. The behavior at small v shows whether the tree level minimum turns out to be a maximum or not, while the behavior at large v tells us about the stability of the theory.
Full examination of the effective potential will be reported in a separate paper. There one can determine the location of the minimum, and know whether quantum corrections are small near the minimum so that the use of perturbation theory is justified. The validity of perturbation theory should give a condition on the parameters ν, e 2 /κ, and a. 
One can write the two loop corrections to the effective potential in the form
Explicit examination confirms that there appears no ln v, v 2 ln v, or v 4 ln v term so that one can maintain the renormalization conditions (14) . γ 2 , γ 4 , ξ 2 , ξ 4 , and ξ 6 terms are irrelevant as they are absorbed by renormalization. The behaviour of V eff at small v is controled by the χ 6 term. After renormalization (14) the dominant behaviour is given by
Inserting (29) into (26) - (28), one finds
We have found that the tree level minimum at v = 0 has turned into a maximum.
Behaviour at large v For large v the masses are given by
We suppose that a = 0. Two loop corrections to the effective potential for large v are summarized as
The logarithm and pole terms have the same coefficients for large v, as all the logarithm terms in 2 loop corrections (26) -(28) contain m 1 /µ or m 2 /µ in their arguments, and µ 2 originally appears in the combination of −(n − 3) −1 + ln 4πµ 2 .
After renormalization
The ξ 6 term controles the behaviour at large v. Insertion of (33) into (26) - (28) yields
which establishes the stability of the theory at two loop. Combining the result (36) with (32), we conclude that symmetry is spontaneously broken by radiative corrections at two loop when κ = 0. (Of course, as mentioned above, we need to check that the minimum of the potential is located in a region where perturbation theory is valid.) The result is independent of the Maxwell coefficient a.
There are a couple of features to be recognized. First, both χ 6 and ξ 6 are indenpendent of a. Secondly ξ 6 is independent of e and κ. We have demonstrated these features at two loop by explicit evaluations. Indeed, these properties remain true to all orders in perturbation theory.
To see it, we note that one of the parameters κ, e, and a is redundant. So long as a = 0, one can absorb a in the redefinition of A µ . The model with (κ, e, a) is equivalent to the model with (κ ′ , e ′ , a ′ ) = (κ/a, e/ √ a, 1).
ξ 6 is a dimensionless quantity so that it must be a function of ν and κ ′ /e ′2 . Since the ξ 6 term is associated with the large v behaviour of the effective potential, one can make use of (33) in evaluating each diagram. However, none of m a (v) in (33) contains κ ′ , and therefore ξ 6 must be a function of ν only. We have proven:
Theorem 1 ξ 6 defined in the behaviour of the effective potential at large v, (35), is independent of a, e, and κ to all orders in perturbation theory.
Since ξ 6 is related to the beta function for the coupling ν, we have
Corollary The beta function for ν is independent of gauge couplings.
In particular, β ν at two loop is given by (18) . Similarly χ 6 is dimensionless, and is a function of ν and κ ′ /e ′2 = κ/e 2 . It follows Theorem 2 χ 6 defined in the behaviour of the effective potential at small v, (31), is independent of a to all orders in perturbation theory.
The existence of the limit of the vanishing Maxwell term (a → 0) is by no means obvious. We have shown that at the two loop level the a → 0 limit exists at both small and large v. This supports the idea of improving the high momentum behavior of gauge field propagator in Chern-Simons theory by adding a Maxwell term. [20] We have calculated the effective potential in the Maxwell-Chern-Simons theory of massless scalar fields (m = λ = 0) up to two loop corrections in the Landau gauge. At the two loop level, the U(1) symmetry is spontaneously broken for κ = 0. A closer investigation has revealed that the beta function for the φ 6 scalar coupling is independent of the gauge coupling.
We plan to give a full account of the two loop effective potential in a forthcoming paper. We shall determine the location of the absolute minimum of the potential, and the dependence of the potential on the parameters a, e and κ.
